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; , ' Abstract. In [9], K. Igusa and G. Todorov introduced two functions if> and rp, 

O , ' which are natural and important homological measures generaUsing the notion 

of the projective dimension. These Igusa- Todorov functions have become into 
a powerful tool to understand better the finitistic dimension conjecture. 
fNl ' In this paper, for an artin i?-algebra A and the Igusa- Todorov function </>, 

we characterise the </>-dimension of A in terms of the bifunctors Ext^(— , — ). 
Furthermore, by using this characterisation of the 0-dimension, we show that 
pH ■ the finiteness of the (/(-dimension of an artin algebra is invariant under de- 

^^ ' rived equivalences. As an application of this result, we generalise the classical 

. ' Bongartz's result [2] Corollary 1] as follows: For an artin algebra A, a tilting 

,S^ , A-module T and the endomorphism algebra B = End^(T)°'', wc have that 

"^ . 0dim(A) -pdT < <j)dim{B) < <j)dim(A) -f pdT. 



^..^ 1. Introduction 

\l ' In this paper we shall consider artin i?-algebras and finitely generated left mo- 

[l^ . dules. For an artin algebra A, we denote by mod (A) the category of finitely gene- 

^— V ' rated left A-modules. Furthermore, proj (A) denotes the class of finitely generated 

projective A-modules and inj (A) denotes the class of finitely generated injective A- 
modules. Moreover, pd M stands for the projective dimension of any M G mod (A). 
We recall that 



o 



X 



fin.dim {A) := supjpdM : M € mod {A) and pdM < oo} 

is the so-called finitistic dimension of A, and also that 

gl.dim(yl) := supjpdM : M e mod (A)} 

is the global dimension of A. The interes in the finitistic dimension is because of the 
"finitistic dimension conjecture" , which is still open, and states that the finitistic 
dimension of any artin algebra is finite. This conjecture is closely related with 
several homological conjectures, and therefore it is a centerpiece for the development 
of the representation theory of artin algebras. The reader could see in [5], [13], 
and references therein, for the development related with the finitistic dimension 
conjecture. 

In [9 , K. Igusa and G. Todorov defined two functions, denoted by (f) and tpi from 
objects in the category mod {A) to the natural numbers N. These Igusa- Todorov 
functions determine new homological measures generalising the notion of projective 
dimension. Our intention is to develop the theory for such functions. In particular. 
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we try to convince the readers that these functions are natural and important 
homological measures. In this paper, we are deahng with the ^-dimension. 

Following 1^ and |S] , we recall that the (^-dimension of an artin i?-algebra A is 

(/)dim(A) := sup{(/>(M) : Me mod (A)}. 

Since the function (/> is a refinement of the projective dimension (see 0), we have 
that 

fin.dim (A) < 4>d[m (A) < gl.dim (A). 

On the other hand, F. Huard and M. Lanzilotta proved in [S] that the Igusa- 
Todorov functions characterise self-injective algebras. They provided, in [5], an 
example of an algebra A showing that the global dimension of A is not enough to 
determine whether A is self-injective or not; and moreover, in such example they 
got that fin.dim (A) < 0dim(A) < gl.dim (A). Therefore, by taking into account 
the previous discussion, we establish the following "0-dimension conjecture" : 

The (j)-dimension of any artin algebra is finite. 
Observe that, the 0-dimension conjecture implies the finitistic dimension conjecture; 
and hence it could be used as a tool to deal with the finitistic dimension conjecture. 

In |T2], S. Pan and C. Xi proved that the finiteness of the finitistic dimension 
of left coherent rings is preserved under derived equivalences. Inspired by [121 and 
[To] , we get in Section 4 the same result for the 0-dimension of artin algebras (see 
Theorem 14. 10|) . This result could be used in order to get a better understanding of 
both conjectures. 

In Section 2, we introduce the necessary facts and notions needed for the deve- 
loping of the paper. In Section 3, we relate the ^-dimension, of an artin algebra 
A, with the bifunctors Ext^(— , — ). In order to do that, we use the well known 
Auslander-Reiten formulas and Yoneda's Lemma. Here the main result is the The- 
orem [21^1 and it has been the main ingredient for the proof of Theorem 14. 101 

In Section 4, we give the proof of the invariance (under derived equivalences) 
of the finiteness of the c/j-dimensions of artin algebras. That is, we prove (see 
Theorem 14. lOp the following: If two artin algebras A and B are derived equivalent, 
then 0dim (A) < oo if and only if 0dim (B) < oo. More precisely, if T* is a tilting 
complex over A, with n non-zero terms, such that B ~ End£i(mod(yi))(r*)°^, then 
(j>diui{A) — n < 0dim(i?) < cj) dim (A) + n. In particular (see Corollarv l4.1ip . if 
T* is given by a tilting module T G mod (A) then 0dim (A) — pdT < (j>dim (B) < 
(j>dim{A) + pdT. Observe that this corollary is a generalisation of the classical 
Bongartz's result [21 Corollary 1]. 

2. Preliminaries 

Let A be an artin i?-algebra. We recall that mod (A) is the stable i?-category 
modulo projectives, whose objects are the same as in mod (A) and the morphisms 
are given by Hom ^fM, N) := HomA(M, N)lV{M, N), where V{M, N) is the R- 
submodule of HomA(M, N) consisting of the morphisms M ^ N factoring through 
objects in proj {A). Similarly, we have the stable i?-category modulo injectives 
mod {A) and the Auslander-Reiten translation r : mod jA) -^ mod [A), which is an 
i?- equivalence of categories (see, for example, [1]). 

We start now by recalling the definition of the Igusa-Todorov function : 
Obj (mod (A)) — >• N. Let K(A) denote the quotient of the free abelian group gen- 
erated by the set of iso-classes {[M] : M e mod(A)} modulo the relations: (a) 
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[N] - [S*] - [T] if iV ~ S* ® T and (b) [P] if P is projective. Therefore, K{A) is the 
free abehan group generated by the iso-classes of finitely generated indecomposable 
non-projective ^-modules. 

The syzygy functor Q : mod (A) -^ mod (A) gives rise to a group homomorphism 
n : K{A) -> K{A), where n{[M]) := [n{M)]. Let {M) denote the Z-submodule of 
K(A) generated by the indecomposable non-projective direct summands of Af. Since 
the rank of il{{M)) is less or equal than the rank of (M), which is finite, it follows 
from the well ordering principle that there exists the smallest non-negative integer 
</)(M) such that Q : f]"((M)) -)■ n"+i((M)) is an isomorphism for ah n > (t){M). 
Observe that (j){M) is always finite, whereas the projective dimension pd M could 
be infinite. 

The main properties of the Igusa-Todorov function </> are summarised below. 

Lemma 2.1. jS] [Bj Let A be an artin R-algehra and M,N e mod(yl). Then, the 
following statements hold. 

(a) (l){M) = pdA'f ifpdM < cx). 

(b) (l){M) — if M is indecomposable and pdM = cx). 

(c) (t>{M) <<i){N®M). 

(d) (J)Im) = (J)\n) if add (M) = add(A^). 

(e) (J){m ®P) = (f) [M) for any P e proj {A). 

(f) (t){M) < <j){nM) + l. 

It follows, from the above properties, that i/i is a good refinement of the measure 
"projective dimension" . Indeed, for modules of finite projective dimension both 
homological measures coincides; and in the case of infinite projective dimension, 
gives a finite number as a measure. 

3. 0-DIMENSION AND THE BIFUNCTORS Ext^(-, -) 

Let A be an artin _R-algebra. For a given M g iRod{A), the projective cover 
of M will be denoted by ttm '■ Po{M) — > M. We also denote by Ca the abelian 
category of all i?-functors F : mod(v4) — > mod(i?). For a given functor F £ Ca, the 
isomorphism class of F will be denoted by [F], e.g. [F] := {G G C^ : G ~ F}. 

Finally we denote by C^ the abelian category of all i?-functors F : mod (A) -^ 
mod(i?). Similarly, we introduce Ca by using mod (^) instead of mod i A). 

Proposition 3.1. Let A be an artin R-algebra and Af , TV G mod(A). Then, the 
following conditions are equivalent. 

(a) Ext^(Af, -) ~ Ext^(iV, -) mCA- 

(b) M ®Po{N)c:^N® Po{M) in mod (A). 

(c) M ~ N in mod (A). 

(d) [Af] = [N] in K{A). 

Proof.(a) ^ (c) We have that Ext^(Af, -) ~ Ext^(A^, -) in Ca if and only if, by 
using Auslander-Reiten formula, the functors £'IIom^(— , rAf ) and f?Hom^(— , riV) 
are isomorphic in C{A). Moreover, the latest isomorphism is equivalent to the exis- 
tence of an isomorphism Hom^(— , Af ) ~ IIom^(— , N) in C^, since the Auslander- 
Reiten translation r : mod (A) -^ mod (A) is an f?-equivalence of categories. Fi- 
nally, the fact that Hom^(— , Af) ~ Horn 4 (—.A^) in Ca, is equivalent by Yoneda's 
Lemma to the existence of an isomorphism Af ~ A^ in mod {A) . 
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(c) => (b) Let M ~ A^ in mod (A) . Then we have the foUowing diagram in 
mod (A) 

Po{N) 




PoiM) 

where 1m — I^OL = ttmJm and In — a/3 = ttnJn- Furthermore, since ttm and ttn are 
epimorphisms, there exist morphisms /at : Po{N) -^ Pq(M) and /m : Po{M) -^ 
Po{N) in mod (A) satisfying the equahties ttmIn — Pt^n and ttn/m = cxttm- So we 
get the following diagram in mod (A) 

M ® PoiN) A iV PoiM) Am© PoiN), 

where F := ( " '^^ ) and G := K '^f ) • We assert that FG and GF are 
\3M -JnJ \JN -JmJ 

isomorphisms. Indeed, let /i :— jmt^m + InIm G ^T^d-AiPo{M)) and so, from the 
above equalities, we have that FG — [ . r, r ■ I • Hence, in order to prove 

\jMl3-.fNjN M/ 

that FG is an isomorphism, it is enough to check that ttmI^ = "^m since ttm is a 
right-minimal morphism. That is, ttmM = t^mJmt^m + t^mJnJm — t^mJmt^m + 
Pttn/m = TTMJMT^M + fictTTM = {t^m JM + Pa.)TTM = Imttm = t^m; proving that FG 
is an isomorphism. Analogously, it can be seen that GF is an isomorphism. 

(b) => (c) It is straightforward. 

(c) <(=> (d) It follows from the fact that proj [A) is the iso-class of the zero object 
in the stable category mod [A) . □ 

For an artin i?-algebra A, we denote by £{A) the quotient of the free abelian 
group generated by the iso-classes [Ext^(M, — )] in Ca, for all M G mod {A), modulo 
the relations 

[Ext^(iV, -)] - [Ext;^(X, -)] - [Ext^(y, -)] if N c^X® Y. 

The syzygy functor i7 : mod (A) — > mod {A) gives rise to a group homomorphism 
^ : E{A) -> £(A), given by rj([Ext^(M, -)]) := [Ext\{nM, -)]. 

Theorem 3.2. Let A be an artin R-algebra. Then, the following statements hold. 

(a) The map e : K{A) -^ £iA), given by e{[M]) := [Ext^(M, — )], is an isomor- 
phism of abelian groups and the following diagram is commutative 

K{A)^^^£{A) 

n 

K{A)^^£iA). 

(b) £(r2"([M])) = [Ext^+^(M, -)] for anyneE and M G mod (A). 

Proof, (a) Since the bifunctor Ext^(— ,— ) commutes with finite direct sums and 
takes, in the first variable, objects of proj {A) to zero, we get that the surjective 
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map £ : K(yl) — >■ £{A) is well defined and it is also a morphism of abelian groups. 
Now, let M, N G mod (A) be such that e {[M]) = e{[N]). Then, by Proposition[XT| 
we get that [M] = [N] in K(^); proving that e is an isomorphism. Finally, we have 

e{n ([M]) = [Exi\{nM, -)] = n{e{[M]). 

(b) e(r!"([M]) = [ExtJi(f}» M, -)] = [Exe/\M, -)]. D 



Corollary 3.3. Let A be an artin R-algebra and M,N € mod{A). Then, the 
following conditions are equivalent. 

(a) [1]"M] = [n"iV] in K{A). 

(b) Ext^(A'f, -) ~ Ext\{N, -) inCA for any i>n+l. 



(c) Ext;i+i(Af, -) ~ Ext^+i(Ar, -) in Cy 



Proof. It follows easily from Theorem 



Definition 3.4. Let A be an artin R-algebra, d be a positive integer and M in 
mod (A). A pair {X,Y) of objects in add (Af ) is called a d-Division of M if the 
following three conditions hold: 

(a) add(X)nadd(y) = {0}; 

(b) Extl(X, -) 9^ Extl(r, -) mCA] 

(c) ExtJ^-i(X, -) ~ Ext^+\r, -) in Ca- 

Remark 3.5. Observe that (p (M) — if and only if for any pair {X, Y) of objects 
in add(M), which are not projective and add(X) n add (y) — {0}, we have that 
Ext^(X, — ) 9^ Ext^(Y,— ) in Ca for any d > 1. Thus, in this case, the following 
set is empty 

{d e N : there is a d-Division of M}. 

The following result gives a characterization of cp (Af ) in terms of the bifunctors 

Ext^(-,-). 

Theorem 3.6. Let A be an artin R-algebra and M in mod(v4). Then 

(j) (M) = max ({d G N : there is a d-Division of M} U {0}). 

Proof. Let n := 4>{M) > and M = ©*=i Af ™' be a direct sum decomposition 
of A/, where Mi 9^ Mj for i ^ j and Mi is indecomposable for any i. Since n 
is the first moment from which the rank of each free abelian group of the family 
{fl^{M)) : j G N} becomes stable, e.g. 

(j>{M) = min{m G N : rkn^{{M)) = rkr2'"((Af)) Vj > m}, 

we get the existence of natural numbers ai, ■ • • ,at (not all zero) and a partition 
{1, 2, • • • , i} = / I+IJ such that J^i^i "» [^"'Mi] = J^jeJ "i [^"^^j] ' and furthermore 

Hence, by Corollary 13. 3[ it follows that the pair {X,Y), with X := 0ig/A/"' 
and Y := (BjejM,' , is an n-Division of M. Moreover, by using the fact that 
rkf}J((A//)) > rkf^"((A/r)) for j = 0, 1, • • • , n - 1, we get the resuh. □ 
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4. Invariance of the 0-DIMENSION 

Let ^ be a full additive subcategory of an abelian category 21. A complex X' over 
A is a, sequence of morphisms {dx ■ X^ — > X^^^}i^z in A, called the differentials of 
the complex X' , such that d\ctx^ = for all i G Z. We write X* = (X*, rf^) and 
denote by H'^X') the i-th cohomology of the complex X' . Observe that H*{X'), 
with zero differentials, is also a complex over 2t. Usually, a complex X* is written 
as follows 

A complex X* induces, in a natural way, the following complexes (called trun- 
cations) 

T<n{X*) : > A:"-2 ^ x"-i -^ X" ^0^ ■■■ , 

T>niX') : > ^ X" ^ A"+i -^ X"+2 -^ ... _ 

The category of all complexes over A, with the usual complex maps of degree zero 
as morphisms, is denoted by C (.4). Hence, we have the i-th cohomology functor 
H^ : C {A) — > 21. For a given subset S of Z, we consider the class of complexes 

C {A)e -^ { X' e C {A) : X' = \/i<^E} 

which are concentrated on the set S. Usually, as 5, we shall consider intervals of 
integer numbers of the form [n, ?n] := {a; G Z : n < x < m}. 

We denote by K (A) the homotopy category of complexes over A, and by K~ {A), 
K+ {A) and K*" {A) to the full triangulated subcategories of K {A) consisting, re- 
spectively, of the bounded above, bounded below and bounded complexes. In case 
A is an abelian category, we denote by D {A) the derived category of complexes 
over A, and by D~ (A), D+ {A) and D** (A) the full triangulated subcategories of 
D (A) consisting, respectively, of the complexes which are bounded above, bounded 
below and with bounded cohomology. 

Let A be an artin i?-algebra. In this special case, we simplify the notation 
by writting D (A) instead of D(mod(A)). Analogously, we write C (A) instead of 
C (mod (A)). Furthermore, for any integers a, b with a < 6, we denote by D (A)[a ;,] 
to the full subcategory of D (A) whose objects X* are such that A' = for z ^ [a, 5] . 
It is also well-known that the canonical functor zq : mod (A) -^ D (A), which sends 
M G mod (A) to the stalk complex A/[0] concentrated in degree zero, is additive full 
and faithful. Hence, through the functor iq, the module category mod (A) can be 
considered as a full additive subcategory of D (A) . Finally, for the sake of simplicity, 
we sometimes denote the bifunctor HoniQ (a)(— , — ) by (—,—). 

In order to prove the main result of this section, we start with the following 
preparatory lemmas. In all that follows, A stands for an artin i?-algebra. 

Lemma 4.1. [iDJ Lemma 1.6] Let m,k,d G Z with d > 0; and let X*,Y' G 
K'' (mod (A)) be such that XP = for all p < m and F"? = for all q > k. If 
ExtX(A'', Y") = for all r, s e 1 and i > d, then 

HomD(A)(A*,r'[i]) = for alii > d + k-m. 

Lemma 4.2. Let k > and £ > 0; and let Z',W' G C(A)[_fe_o] with Z\W' G 

proj(A) Vi G [-fc + 1,0]. 

//HomD(A)(^*,-M)|mod(A) -HomD(A)(T4^*,-[i])|mod(A) for allt>k + e, then 

Ext\iZ-'',-)~Ext\{W-'',-) for all t>k + £. 
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Proof. Assume that HomD(A)(2'', ~[i])|mod(A) - Hoitid (a)(W^', -M)|mod(A) for 
all t > k+£. Let S e mod (A). By applying the functor (~, ^[i]) to the distinguished 
triangles 

Z"[0] -^ Z' ^ T<_i(Z*) ^ Z°[l] and W°[0] ^W ^ t<^i(W') -^ W°[l], 
we get the following exact sequences 

{Zy],S[t]) ^ (r<_i(Z-)[-l],5[t]) ^ {Z'[-l],S[t]) ^ iZ'^[-l],S[t]), 
{W°[0],S[t]) ^ {T<^,{W')hl],S[t]) ^ {W'[-l],S[t]) ^ {W"[-liS[t]). 
Moreover, since Z°, W'^ S proj (A) and t > k + £ > 1, it follows that 
(r<_i(Z*)[-l],-[t])|„,od(A) ^ (^*[-l],-M)lmod(A) and also we have that 
(T<_i(Ty)[-l],-[t])|„,od(A) ^ (M^*[-l],-W)Uod(A) for any i > n + £. Hence, by 
composing the given above isomorphisms of functors, we get that 

(T<_i(Z')[-l],-[i])Uod(A)-(T<-i(M/*)[-l],-[t])|„,od(A) for any t>k + i. 

We proceed by induction as follows. The step i = 1, is given by the above iso- 
morphism of functors. Consider 1 < z < A: — 1 and apply the functor {—,S[t\), 
for each S E mod (A), to the distinguished triangles Z^'[0] — > T<^i{Z*)[—i] — > 
T<_,_i (Z')[-z] ^ Z-'[l] and W-'[0] -^ T<-,{W')[-i] -^ t<-,-i {W')[-i] -^ 
W^''[l]. So, by repeating the same argument as above and using that 
(T<_4Z')[-z],-[t])|inod(A) - {T<-i(Z*)[-i],-[t])\^od{A) (the previous step) for all 
t > k + d, the fact that Z^' and W^'^ are projective for all —i E [—k + 1,0], we 
obtain that {Z-'^[0], -M)|,nod(A) ^ (W^^'M, -[t])|mod(A) for alH > fc + d. D 

Lemma 4.3. Let k, £ <E Z be such that < k < £. Let Z',W* G D(A)[_fe_o] 'with 

Z\ W^ e proj (A) for all ie[-k+ 1,0]. 

//HomD(A)(Z-'=[fc],- [^])|d(A),_,„j ^ HomD(A)(V7-'=[fc],- [^])|d(a)[_.,op then 

HomD(A)(Z',~[£])|D(A)(_,,„, ^HomD(A)(T4^-,-M)|D(A),_,,o,- 

Proof. For simplicity, we write (— , — ) instead of HomD(A)(— , ^ )|D(A)r_fc oi • Suppose 
that (Z*, — [£]) i± (W^*, — [^]). From the following distinguished triangles 

Z°[0]^Z*^T<_i(Z')^Z°[l] and W\0\^W* -^ t<^i{W*) ^W\\\ 

we get the following exact sequences of functors 

(Z°[l], - \£\) ^ (r<_i(Z-), - \£\) ^ (Z-, - [£]) ^ (Z"[0], - \£\\ 

(M/0[1], - \£\) ^ (r<_i(M/*), - \£\) ^ (M^-, - [^]) ^ (M/0[0], - [£]). 

From the Lemma [HI we have that (^^[l], -\£\) = (Z°[0], -\£\)^ (Vt^°[l], - M) = 
(W^0[0], - [£]) = 0. Therefore (t<_i(Z*), - [£]) ~ {Z\ - {£\) and (T<_i(iy ), - [^]) ~ 
(M^*, — \P\). By our assumption, we get that 

(r<_i(Z-),-[£])9^(r<_i(M/-),-M). 

We proceed by induction as follows. The step i = 1 is given by the above statement. 
So, by the inductive step, we can assume that (r<_i(Z*), — [^]) 9^ (r<_i(M^*), — [£]) 
for any \ <i <k — \. By applying the functor ( , — [£]) to the distinguished triangles 

Z-'[z] ^ T<_,(Z*) ^ T<_,_i(Z') ^ Z-\i^ 1] and T4^-^H ^ T<^^{W^) -^ 
T<_,(Vl^') ^ VK-^[i + 1], and using that {Z^\i + 1], - {£\) = {W-\i + 1], - {£\) = 
iZ-'\i], "[£]) = (W-'\i], -[£]) = 0, we get that 

(r<_,_i (Z-),-[£]) 9^ (r<_._i(Ty ),-[£]). 
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Thus, we obtain {Z^''[k], - [£]) c^ {W^''[k], — [£]); which is a contradiction. So, our 
assumption is not true, and hence the result follows. D 

Lemma 4.4. Let £ > and k > 0; and let K, S e mod (A). // Ext^(is:, - ) ~ 
Ext^(S', - ) then Homo (a) {K, - [^])|d (a)^_^„^ ^ Homo (a) [S, - [£])|d (A)[_fc,oi • 

Proof. By [3] (see Section 1 and Section 2), we have that there is an isomorphism 
Hy' ■ Y* -^ ^0^') in D (A)[_fe 0] : which is natural on the variable Y*; and moreover 
L(y)* e inj (A) Vie [-k,-l]. 

Let y* G D (A)[_j, 0]. Then, by the discussion, given above, it can be assumed 
that y G inj (A) Vz G [— fc, —1]. By applying the functors 

(K,-) := HomD(A)(iir, -)|d(a)[_^oi ^^^ i^-.^) := HomD(A)(S', -)|D(A)[_fc,oi 

to the distinguished triangle Y°[e] -^ ¥'[£] -^ t<^i{Y*)[£] -^ Y°[£], we obtain the 
following exact sequences 

{K,T<_,{Y')[£~1]) ^ {K,Yy]) ^ {K,Y'[£]) ^ (if, r<_i(y )[£]), 

{S,T<^,{Y')[£^l]) ^ {S,Yy]) ~> {S,Y'[e]) ~> iS,T<^,{Y')[£]). 

By Lemma [4.11 we have that the following equalities hold {K,t<:^i{Y')[£ — 1]) = 
(5,T<_i(y)[^- 1]) = (X,T<_i(y)[£]) = (5, r<_i(y •)[£]) = O; and since 
ExtA(if, - ) ~ ExtA(S', - ), it follows that {K, - [£]) ~ {S, - [£]), proving the result. 

D 

Corollary 4.5. Let k and £ be integers such that Q < k < £; and let Z*,W* G 

D(A)[_fe_o] be such that Z\W' epmi (A) Vi G [-/c + 1,0]. 
//Ext^"'=(Z-'^, - ) ~ Ext^"''(Ty-", - ) then 

HomD(A)(Z',-M)|D(A)[_,,o, -HomD(A)(W,-M)|D(A)[_,,or 

Proof. The proof follows from Lemma 14.31 and Lemma 14.41 D 

We recall now some definitions (see [13]). A tilting complex over an artin algebra 
A is a complex T' G K^ (proj (A)) such that HomKfc (proj(A))(ri ^N) = for all 
integers n ^ 0, and add(r*), the full subcategory of direct summands of finite 
direct sums of copies of T' , generates K'' (proj (A)) as a triangulated category. 
Two artin algebras A and B are called derived equivalent if D {A) and D (B) are 
equivalent as triangulated categories. For further properties of derived equivalent 
artin algebras, the reader can see in [T3j . 

In all that follows, we shall consider the following situation: Let A be an artin al- 
gebra, T' G K*" (proj (A)) a tilting complex, B := Endu (a){T')°p and F : D (B) -^ 
D (A) be an equivalence of triangulated categories such that F{B) = T* . The 
quasi-inverse of F is denoted by G : D (A) — ?► D{B). It is well known that F 
induces equivalences D^ [B) -^ D^ {A) and K*" (proj [B)) — >• K** (proj {A)); and fur- 
thermore, without loss of generality, it can be assumed that T* G C (proj (A))[_„ q] 
for some n > 0. 

The following results are well known in the literature, for a proof the reader can 
see in |T0l[12|. 



Lemma 4.6. [T0l[l2] Let B := EndD(A)(r')°P, where T' e C (proj (A))[_„,o] «s a 
tilting complex as above. Then, the following statements hold. 
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(a) There is a tilting complex Q' £ C (proj (_B))[o,n] such that G{A) ~ Q' . 

(b) H'{FM) e C (A)[_„,o] for any M e mod (A)'. 

(c) H'{GN) e C {B)[o.ni for any N e mod (B). 

Lemma 4.7. Let B := Endo (a)(7")°p, where T* G C (proj (A))[_„.o] «« a ^*^^- 
m^ complex as above. Then, for any M G m.od(i?), the complex FM is quasi- 
isomorphic to complexes X^j and Y'j, where 

(a) Xli e C (A)[_„.o] with Xij e proj (A) Vi G [-77, + 1,0]; and 

(b) y^ e C (A)[_„,o] M'li/i YIj 6 inj (A) V* e [-n, -1]. 

Moreover, those quasi-isomorphisms, given above, induce natural isomorphisms in 
the derived category D (A) . 

Proof, (a) Consider the complex P'{M) induced by the minimal projective resolu- 
tion of Af . Since F induces an equivalence K~ (proj (B)) — )■ K~ (proj (A)), it follows 
that FP'{M) G K~ (proj (A)). By Lemma|ll](b), we thave that H'{FP'{M)) ~ 
H'{FM) G C(A)[_„_o]- Thus, the complex Z' := FP'{M) is quasi-isomorphic to 
the following complex C* G C (A)[_„ 0], where 

C : > Coker (d"""^) ^ Z~"+i ^ > Z'^ ^ Ker (d") ^ • • • . 

We assert that Ker ((i°) G proj (A). Indeed, since H'^{Z') = for i > 0, the complex 

(1) ^O^Ker(d") ^Z° ^Z^ ^^2 ^ •■• 

is exact. Moreover, the complex Z* is bounded above and each Z"^ is projective, and 
so the complex ([T]) splits; proving that Ker (d") G proj [A). Therefore, the complex 
-^M '■— ^' satisfies the desired conditions. 

(b) This can be proven in a similar way as we did in (a). D 

Lemma 4.8. Let B := EndD(^)(r*)°P, where T' G C (proj (A))[_„_o] *s « tilting 
complex as above. Then, for any S G mod (A), the complex GS is quasi-isomorphic 
to complexes X' and Y' , where 

(a) ^' G C (i?)[o,„] with Xg G proj (B) Vi G [1, n]; and 

(b) Y^ G C (B)[o'„] with yj G inj (B) \f i G [0,n - 1]. 

Moreover, those quasi-isomorphisms induce natural isomorphisms in the derived 
category D (B). 

Proof. It can be done, in an similar way, as we did in 14.71 D 

Lemma 4.9. Let B := EndD(A)(r*)°^, where T' G C (proj (A))[_„ q] *« « tilting 
complex as above; and let M, N G mod {B). //Ext^(Af, — ) — Fixtg{N, — ) for all 
t>i>0, then 

HoniD(B)(Af, G(- [t]))|,„od(A) - HomD(i3)(iV, G(- [t]))|n,od(A) Vt >n + i. 

Proof. Let S G mod (A). Thus, by Lemma [4.8l (b). we have the natural isomorphism 
GS 4 Y^ in D (B), where Y^ G C (S)[o,„] and Fj G inj (B) Vi G [0, n-l]. Applying 
the functors (M, — ) and {N, — ) to the distinguished triangle 

Y^^[-n + t]^ Ys'[t] ^ T<„_i(ys-)[i] ^ Y^^[~n + t + l], 

we obtain, for any t>n + i, the following exact sequences 

(M,T<„_i(r<?)[i - 1]) ^ {M,Y^[t - n]) ^ {M,Y^[t]) ^ {M,T<,,^^{Y^)[t]), 
{N,T<n-i{Y^)[t - 1]) ^ {N,Y^s'[t - n]) ^ (iV,^^'^) ^ (iV,T<„_i(r^-)[t]). 
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By Lemma |4?T| we have that the fohowing equahties hold (M, T<„_i(Y^)[t — 1]) == 
{M,T<n-i{Y^)[t]) = (iV,r<„_i(r<?)[i - 1]) = {N,T<n-i{Y^)[t]) = 0, and thus we 
get that (M, Y^' [t - n] ) ~ (M, Y^ [t] ) and {N, F^ [i - n] ) ~ (TV, Y^ [t]) for t > n + £. 
Therefore (M, G(- M))Uod(A) ^ {N, G{- mUd(A) for al\t>n + £. D 

For an artin algebra A, we denote the (j> dhiiension of a A-module M by <j)\{AI). 

Theorem 4.10. Let A and B be artin algebras, which are derived equivalent. Then, 
0dim(^) < oo if and only if (p dim (B) < oo. More precisely, if T* is a tilting 
complex over A with n non-zero terms and such that B ~ Endj) /^-((T*), then 

(fxHm (A) — n < (fxHm (B) < 0dim (A) + n. 

Proof. Assume that cf) dim (A) — r < oo. If (/)dim(i3) < n then (j>dira{B) < 
<j) dim (A) +n. Suppose now that there exists J G mod (B) such that (/)_b {J) = d > n. 
It follows from Theorem [3J] that J = M ® N and there exist M e add (M) and 
N e add (N) such that 

Exti(M,-) ^ Exti(7V,-), 

Ext%{M,~) ~ F,xt%{N,-) ioT t>d + l. 

Using Lemma [1751 for the second equation of ([2]), we have 



(2) 



, . j HomD(B)(M, -[d])|mod(B) ^ HomD(B)(iV, -[(i])|mod(s), 

^■'' \ HomD(s)(Af,G(-[t]))Uod(A) ^ HomD(B)(A^,G(-[t]))Uod(A) 
for aU t > n + rf+ 1. 
Applying the equivalence F in ([3|), we get 

r HomD(^)(FM,i^(~[d]))|„,,d(A) 9^ HomD(^)(F7V,F(-[d]))U,d(A), 
^ ^ \ HomD(^)(FM,-[i])|„,,d(A) ^ HomD(^)(i^iV,-[i])U„d(A) 
for aU t > n + rf+ 1. 

By Lemma 14. 7[ the complexes FM and FA'' can be replaced, respectively, by 
Z',W eC (^)[-„,o] such that Z\W^ € proj {A) Vi S [-n+ 1, 0]. It follows, from 
Lemma l472l that the second item of ([4]) is equivalent to 

(5) Ext^(Z-",-)~Ext^(M/-",-) 

for aU t > n + (i+ 1. 

By Corollary [431 the first item of Q give us that 

(6) Ext^-"(Z-", -) ^ Extl-"(T4^-", -). 

In particular, we get from ((6|) that Z^" ^ iy~". We can assume that add (^~") 
and add(M^~") have trivial intersection because, otherwise, we can decompose 
Z~" and W~"' as direct sum of indecomposables and withdraw from each one the 
common factors. The modules obtained satisfy (O and ([6]), and their additive 
closure has trivial intersection. 

Let L := Z"" © W'"-. It follows from Theorem [3H © and dH) that d-n < 
(f'AiL) < d + n. Since 0dim(A) = r. we have d < n + r and hence (j)diui{B) < 
n + (/)dim {A). Analogously, it can be shown that 0dim {A) < (/)dim {B) + n. D 

As an application of the main result, we get the following generalisation of the 
classic Bongartz's result [2, Corollary 1]. In order to do that, we recall firstly, the 
notion of tilting module. Following Y. Miyashita in [11], it is said that an ^-module 
T e mod (A) is a tilting module, if T satisfies the following properties: (a) pdT 
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is finite, (b) Ext^(T, T) = for any i > and (c) tliere is an exact sequence 
-^ aA ^ To ^ Ti ^ ■■■ ^ Tm ^ in mod (A), witli Ti e add (T) for any 
< i < m. 

Corollary 4.11. Let A be an artin algebra, and let T G mod (A) he a tilting A- 
module. Then, for the artin algebra B :— End^(T)°P, we have that 

(f> dim {A)-pdT <(/) dim (B) < cj) dim {A) + pd T. 

Proof. Let m :~ pdT. Then, the minimal projective resolution of T is as follows 
-^ Prn -^ > Pi ^ Po ^ r ^ 0. So, the complex 

P'{T) : >0^P„,^ > Pi ^ Po ^ ^ • ■ • 

is a tilting complex in D (A) and also B ~ EndD(A)(-P*(r))°P. Thus, bv l4T0l we 
get the result, since in this case n is pdT. D 

Remark 4.12. Let A be an artin algebra. In [2j Corollary 1], Bongartz consider a 
classical tilting module, that is, a tilting module T G mod (A) such that pdT < 1. 
The original Bongartz's result says that gl.dim (P) < gi.dim (A) + 1, where B := 
EndAiT)°P. 

Finally, as another application of the main theorem, we get the following result 
for one-point extension algebras. 

Corollary 4.13. Let A and B he two finite- dimensional k-algehras, M G mod (A) 
and N G mod(P). Let A[M] and B[N] be the respective one-point extensions. If A 
and B are derived- equivalent, then the finiteness of the (p- dimension of one of the 
algebras A,B,A[M] and B[N] implies that all of them have finite (p-dimension. 

Proof. Let X G mod(yl[M]). We know by Lemma O that 0(X) < 1 + (j){nx). 
Since VtX can be seen as an v4- modulo, it follows that ^dim(A) < cx) implies 
<j) diva {A[M]) < cx). Now, the fact that mod (^) C mod(y4[Af]) gives us the 
other implication. From this fact and Theorem 14.101 we get that the following 
equivalences hold: 0dim (yl[M]) < oo <^ (/)dim(A) < oo <^ (/)diin{B) < cx) <^ 
(j> dim iB[M]) <oo. D 
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